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Abstract 



In this paper, building on prior joint work by Mallios and Ntumba, 
we show that A-transvections and singular symplectic A- automorphisms 
of symplectic .A-modules of finite rank have properties similar to the 
ones enjoyed by their classical counterparts. The characterization of 
singular symplectic .4-automorphisms of symplectic „4-modules of fi- 
nite rank is grounded on a newly introduced class of pairings of A- 
modules: the orthogonally convenient pairings. We also show that, 
given a symplectic .4-module £ of finite rank, with A a PID-algebra 
sheaf, any injective .4-morphism of a Lagrangian sub-A-module T of 
£ into £ may be extended to an „4-symplectomorphism of £ such that 
its restriction on T equals the identity of T . This result also holds 
in the more general case whereby the underlying free „4-module £ is 
equipped with two symplectic ^-structures ujq and ui, but with T 
being Lagrangian with respect to both ojq and uj\. The latter is the 
analog of the classical Witt's theorem for symplectic ^.-modules of 
finite rank. 



Key Words: *4-homothecy, .A-transvections, adjoint ^4-morphism, symplectic 
A-modules, symplectic group sheaf, PID-algebra sheaf, orthogonally conve- 
nient pairings, locally free ^4-module of varying finite rank. 
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Introduction 



Here is a further attempt of investigating classical notions/results such as 
transvections, Witt's theorem for symplectic vector spaces, the characteri- 
zation of singular symplectic automorphisms of symplectic vector spaces of 
finite (even) dimension within the context of Abstract Differential Geom- 
etry (a la Mallios), [TUJ [11]. This endeavor, as already signalled in [13], 
is for the purpose of rewriting and/or recapturing a great deal of classical 
symplectic (differential) geometry without any use (at all\) of any notion 
of " differentiability" (differentiability is here understood in the sense of the 
standard differential geometry of C°°-manifolds) . 

Now, we take the opportunity to review succinctly the basic notions 
of Abstract Geometric Algebra which we are concerned with in this paper. 
Most of the concepts in this paper are defined on the basis of the classical 
ones; see to this effect, Artin [2], Berndt [3], Crumeyrolle [6], Deheuvels [7], 
Lang [9j. Our main reference is Mallios [TO] . 

A C- algebraized space on a topological space X is a pair (X, A), where 
A = (A, r, X) is a (preferably unital and commutative) sheaf of C-algebras 
(or in other words, a C-algebra sheaf). A sheaf of sets £ = (£, p, X) on A is a 
sheaf of groups (or a group sheaf) on X, provided the following conditions are 
satisfied: (i) Each stalk of £ is a group; (ii) Given the set £ o £ ■= {(z, z') G 
£ x £ : p(z) = p(z')}, the map £ o £ — > £ : (z, z') i — > z + z' G £ x C £ is 
continuous (£ o£ is equipped with the topology induced from £ x £); A sheaf 
of A-modules (or an A-module) on A is a sheaf £ = (£,p,X) such that the 
following conditions hold: (i) £ is a sheaf of abelian groups; (ii) For every 
point x G X, the corresponding stalk £ x of £ is a (left) A^-module; (iii) The 
exterior module multiplication in £, viz. the map Ao £ — > £ : (a, z) i — > 
a ■ z G £ x C £ with r(a) = p(z) = x G X, is continuous. An ^4-module 
£ is called a free A-module of rank n (n G N), provided £ = A n within an 
^4-isomorphism. The ^4-module A n is called the standard free ^4-module of 
rank n. For an open subset [/CI, the canonical basis of the *4(£7)-module 
A n (U) is the set {ef } 1 < i < n , where ef := 5g G A n (U) ^ A(U) n such that 
8fj — 1 for i — j and Sfj = for i ^ j. So one gets, for any x G A, 
= (^))i<;<n e -4" (1 < i < n), where 5g(x) = 1,6 A x , if i = j, 
and S^Ax) = X G A, if « 7^ J- 
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Now suppose there is given a presheaf of unital and commutative C- 
algebras A = (A(U),Ty) and a presheaf of abelian groups E = (E(U), py), 
both on a topological space X and such that (i) E{U) is a (left) 74([/)-module, 
for every open set C/CI, (ii) For any open sets U, V in X, with V C. U, 
Py(a ■ s) = Ty(a) ■ Py(s) for any a G A(U) and s G E{U). We call such a 
presheaf i? a presheaf of A{U) -modules on X, or simply an A-presheaf on 
X. 

All our ^-modules and A-presheaves in this paper are defined on a 
fixed topological space X. ^-modules and A-presheaves with their respec- 
tive morphisms form categories which we denote A-Aiodx and A-VShx 
respectively. By virtue of the equivalence Shx — CoVShx, an ^4-morphism 
: £ — > T of ^4-modules £ and T may be identified with the A-morphism 
:= ((fiu)xDU, open '■ E — > F of the associated A-presheaves. We shall most 
often denote by just the corresponding A-morphism associated with the 
.4-morphism 0. The meaning of will always be determined by the situation 
at hand. 

Recall that given an ^.-module £ and a sub-^4-module T of £, the quo- 
tient ^4-module of £ by T is the ^4-module generated by the presheaf sending 
an open U C X to an A([/)-module S{U) := T(U,e)/T(U,F) = £(U)/J r (U) 
such that for every restriction map ay : £{U) j 'JF(fJ) — > £{V) / FiV) one 
has o~y{r + J-{U)) := Py(r) + J-{V) (the py are the restriction maps for the 
A-presheaf T£). 

For the sake of easy referencing, we also recall some notions, which may 
be found in our recent papers such as [12] . [T3j . [H], and [17]. Let T and 
£ be ^.-modules and : .F © £ — > A an ^.-bilinear morphism. Then, we 
say that the triplet [J 7 , £;A] = [(J-,£;4>);A] forms a pairing of A-modules 
or that JF and £ are paired through mto A. The sub-A-module JF 1 - of £ 
such that, for every open subset U of X, JF- L (f/) consists of all r G £(£7) 
with 0y(jF(\/), r\y) = for any open V C {/, is called the right kernel of the 
pairing [J 7 , £;A]. In a similar way, one defines the left kernel of [JF, £;A] to 
be the sub-A-module £ ± of JF such that, for any open subset U of X, £"*"(£/) is 
the set of all (local) sections r G -F([7) such that <py(r\y, £ (V)) = for every 
open V C U. If [(JF, £; 0); A\ is a pairing of free ^4-modules, then, for every 
open subset U of X, F X {U) = ^{U) 1 - := {r G £{U) : c/ (J r (f/), r) = 0}, 
and similarly £^{U) = £(U) ± := {r G F(U) : <j>u(r,£(U)) = 0}. 
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Now, let [(£, £; 4>); A] be a pairing such that if r, s G £(U), where C/ is 
an open subset of X, then 0j/(r, s) = if and only if 4>u(s, r) = 0. The left 
kernel, £[~ := £ ± , is the same as the right kernel £f~ := £ T . In that case, 
we say that the ^4-bilinear form <ft is ortho symmetric and call £ ± {= £ T ) the 
radical sheaf (or s/iea/ of A-radicals, or simply A-radical) of £ , and denote 
it by rad_4<£ = rad £. An A- module £ such that rad £ ^ (resp. rad 
£ = 0) is called isotropic (resp. non-isotropic); £ is totally isotropic if is 
identically zero, i.e. 0{/(r, s) = for all sections r, s G £(U), with [/ open 
in X. For any open U C X, a non-zero section r G £(£/) is called isotropic 
if 4>u( r , r ) = 0. The ^4-radical of a sub-^4.-module JF of £ is defined as rad 
T := T fl JF 1 - = JF fi JF T . If [JF, £; .A] is a pairing of free A-modules, then 
for every open subset U of X, (rad £)(£7) = rad £{U) and (rad -F)(£/) = 
rad ,F([7), where rad £{U) = £{U) n£{U) ± and rad F{U) = F(U) H ^(tf)- 1 . 
Given a pairing [(£, £; <p); A] with <fi a symmetric ^4-bilinear morphism, sub- 
A-modules £\ and £2 of £ are said to be mutually orthogonal if for every open 
subset U of X, ^(r, s) = 0, for all r G £i(C7) and s e £ 2 {U).li £ = ® i£ i£ u 
where the are pairwise orthogonal sub-A-modules of £, we say that £ is 
the direct orthogonal sum of the £i, and write £ := £i_L ■ • • _L£ji_ • • • . 

N.B. We assume throughout the paper, unless otherwise mentioned, 
that the pair (X,A) is an algebraized space, where A is a unital C-algebra 
sheaf such that every nowhere-zero section of A is invertible. Furthermore, 
all free A-modules are considered to be torsion-free, that is, for any open 
subset [/CI and nowhere-zero section s G £(U), if as = 0, where a G A(U), 
then a = 0. 



1 ^4-transvections and useful background 

For the purpose of this section, we recall the following useful facts/results, 
which are found in our papers [12], [IE] and [T5]. For these results, A is just 
an arbitrary unital sheaf of C- algebras with no other condition on. 



Theorem 1.1 Let £ be an A-module and T and Q sub-A-modules of £. 
Then, 

Q/{FC\Q)^S{T{F)+T{G))/F. 
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Theorem 11.11 yields the following result. 

Corollary 1.1 Let £ be an A-module, T and Q sub-A-modules of £ such 
that £ = T @Q. Then, 

s/F = g. 

Corollary 1.2 If J 7 is a free sub-A-module of a free A-module £, then the 
quotient £ jT is free and for every open U C X, 

{£/T){U)=£{U)/HU) 
within an A{U) -isomorphism. Moreover, 

rank T + corank T = rank £, 
where corank T := rank {£ / ' T). 

Let us recall the following definition. 

Definition 1.1 Let £ be a free A- module and T a free sub-^4- module of 
£, complemented in £ be a free sub-^4-module Q. The rank of Q = £jT is 
called the corank of J 7 , that is, 

corank T = rank(£/jF). 

Furthermore, let us also state the following results. 

Theorem 1.2 Let £ be a free A-module, and T and Q free sub-A-modules 
of £ such that T D Q and T + Q are free. Then, 

rank T + corank T = rank £ 
rank {T + Q) + rank ( T D G) = rank T + rankQ 
corank [T + Q) + corank {J- D Q) = corank T + corank Q. 
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Theorem 1.3 Let £ be a free A-module of arbitrary rank. Then, for any 
open subset [/CI, rank £*(U) = rank £(U). Fix an open set U in X. If 
if; = (iPv)udv, open £ £* (U) and if>u(s) = ( which implies that if>v(s\v) = 
for any open V C U ) for all s G £(U), then if) = 0; on the other hand if 
■0c/( s ) = f or a M ^ e £*{U), then s — 0. Finally, let rank £{U) = n. To 
a given basis {s^ of £{U), we can find a dual basis {ipi} of £*{U) = £(U), 
where 

^PiyisjW) = %y e A(V) 

for any open V C.U. 

Theorem 1.4 Let T and £ be A-modules paired into a C-algebra sheaf A, 
and assume that £ ± = 0. Moreover, let T§ be a sub- A-module of T and £ a 
sub-A-module of £. There exist natural A-isomorphisms into: 

£l?i — T*, (1) 

and 

et — (£/£ y. (2) 

In keeping with the notations of Corollary 1 1.21 the free sub-^4- module T 
is called an A-hyperplanee if corank T — 1, i.e. the quotient .A-module £ jT 
is a line A-module. On the other hand, we notice that if = (4>u)xdu, open 
is an A-endomorphism of £, then induces on the line A-module £jT an 
A-homothecy, which we denote by 0. More explicitly, if U is open in X and 
s a section of £ jT over {7, then 

0(s) = 4>u( s ) — a u s = as 

for some = a G A(£7). The coefficient sections a v are such that ay = au\v 
whenever V is contained in U. The global section ax = a is called the ratio 
of the A-homothecy <f>. 

Proposition 1.1 Let £ be a free A-module, and T a proper free sub-A- 
module of £. Then, the following assertions are equivalent. 



(1) T is an A-hyperplane of £ . 



On A- Transvections and Symplectic A-Modules 



7 



(2) For every (local) section s G £(U) such that s|y ^ -? r (^) for every open 
V QU, 

£{U)^ A{U)s®F{U). 

(3) For every open U C X, there exists a section s G £{U) with s\y £ 
J~(V), where V is any open subset contained in U , such that 

£{U)^A{U)s®F{U). 

(4) The free sub-A-module J 7 is a maximal sub-A-module in the inclusion- 
ordered set of proper free sub-A-modules of £ . 

Proof. (1) =>- (2): For every open [/CI and section s G £(U) such that 
s\v 4- F(y) for any open V C U, it is clear that A{U)s + J-(U) is a direct 
sum. On the other hand, the equivalence class containing s is a nowhere-zero 
section of £jT\ it spans £(U) / T{U) since £{U) / F{U) has rank 1. It thus 
follows that £{U) S ^(C7)s + 

(2) => (3): Evident. 

(3) (1): Since 

vimk(£/F)(U) = Tank£(U)/F(U) = mnkA(U)s = 1 

for every open [/CI and s G with s|y ^ ^(V), where V is any open 

subset contained in U. 

(2) =>- (4): Let JF' be a free sub-^4-module of £ containing T and such 
that rank T' > rank T . For every open [/ there exists a section sT'{U) such 
that s|v ^ -^(^O f° r every open V C U. By (2), for every open U Q X, 
S{U) = A{U)s © F{U); but .A(If)a © T{U) is contained in .F(C/), therefore 
T' = £ within an ^.-isomorphism. 

(4) =4> (2): Let U be an open set in X. There exists a section s G £(U) 
with s\y F(V) for any open V C.U; then »4.([/)s © T(U) contains strictly 
F(U), thus A(U)s © .F(E/) =£{U), since J 7 is maximal. ■ 

So we come to Theorem 11.51 which characterizes the notion of A- 
transvection. For the classical notion, see j2], (5) p. 152, Proposition 12.9], 
©, [3 p. 419 ff], [8], p. 542- 544]. 
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Theorem 1.5 Let £ be a free A-module, Ti an A-hyperplane of E, G 
End^E such that <f>(s) = </>u(s) = s for any s G H(U), where U is an arbitrary 
open subset of X, and the A-homothecy induced by on the line A-module 
E/H. Moreover, let a G A(X) be the ratio of (ft. Then, a is either zero or 
nowhere zero, and the following hold. 

(1) If a\u = ay 1 for every open [/CI, i/iere exists a unique line A- 
module £ C £ such that £ = HQ)£ and £ is stable by 0, i.e. 0(£) = £. 

(2) If a — 1, then for every A-morphism 9 G £* = 7iom^{£,A) with 
ker# = Ti, there exists, for every open subset U C X, a unique section 
r G 7i(Z7) snc/i that 

<f)(s) = s + 6(s)r (3) 

/or every s G E(U). 

Proof. Clearly, as G Endj^E /Ti) and £/7Y is a line ^.-module, and 

rank H{U) + rank(£/W)(l7) = rank £{U), 
for every open U C I, it follows that a is either zero or nowhere zero. 

Assertion (1). Uniqueness. Let £ be a line .4- module that comple- 
ments Ti in £ and stable by the ^4-morphism 0, and s a nowhere-zero section 
of £ on X (such a section s does exist because £ = A and „4 is unital). 
Therefore, there exists b G A{X) such that 0(s) = 6s. Next, assume that 
q = (qu)xDU, open is the canonical ^4-morphism of £ onto £ /Ti. It is clear 
that 0x(<?x(s)) = bqx(s) = bq(s); thus 0x is a homothecy of ratio a = b, 
hence, by hypothesis, b is nowhere 1. Now, let u be an element of £{X) 
such that u G' Ti(X); then there exists a non-zero A G -4(X) and an element 
t G ftpT) such that 

u = As + t. 

It follows that 

0(w) = Xbs + i. 

Of course, 0(w) and w are colinear if and only if t — 0. Thus, we have proved 
that every section u G which is colinear with its image 0(w) belongs 
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to C(X). A similar argument holds should we consider the decomposition 
£{U) = TC(U) © £(U), where U is any other open subset U of X. Hence, C 
is the unique complement of 7i in S, up to .A- isomorphism, and stable by </>. 

Existence. Since a is nowhere 1 on X, there exists a nowhere-zero section 
s G B(X) such that 

<fiu(qu(s\u)) := 4>u(qu(su)) ^ qu(su) =: qu(s\u) 

for any open U C X. As </>og = go0, it follows that := 4>u(su)—su does not 
belong to TC(U), for any open U C. X. the line A-module £ := [rjj]xDU, open 
clearly complements 7i. It remains to show that L is stable by 0: To this end, 
we first observe that every s\j does not belong to the corresponding TC(U), 
and, by Proposition [TH S(U) = A{U)sjj © H(U). So, since r v $ H{U) 
for every open U C X, there exists for every r v sections ajj G A.(?7) and 
£[/ G W(?7) such that 

r[/ = ac/st/ + tjj. (4) 

We deduce from (jlj) that 

0t/(rv) = («[/ + l)ru, 

and the proof is complete. 

Assertion 2. Uniqueness. Let us fix an open set U in A. The unique- 
ness of r such that ([3]) holds is immediate, as 9u(s) = 9(s) ^ for some 
s G S(U). Relation (j3J) also shows that if s G £(t/) and 0(s) is nowhere zero, 
then necessarily 

r=(6{s))-\<P(s)-s). 

Existence. Suppose given a section s G £{U) such that s |y ^ W(V) 
for any open V QU. Let us consider the section r = (6 , (so)) _1 (0(s o ) — s ). 
Clearly, r G 7i(U); indeed 

(q o 0)(s o ) - q(s ) = {4>o q)(s ) - q(s ) = 0. 

The two A.([/)-morphisms s i — ► and s i — ► s + 0(s)r are equal, since 
they take on, on one hand, the same value at sq, and, on the other hand, the 
same value at every s ETC(U). m 
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Definition 1.2 Let £ be a free ^4-module, TC an ^4-hyperplane of £, (ft G 
£nd^£ such that </>(s) = 0j/ (s) = s for every s G TC(U), where [/ is any 
open subset of X, and that the ^4-homothecy <f), induced by <f>, has ratio 
a G A(X): a = 1. Then, is called an ^4-transvection of £ , with respect 
to the ^4-hyperplane TC. 

We shall now be led to adjoints of ^4-morphisms. More precisely, 

Definition 1.3 Let £ and T be ^4-modules and 9 an ^4-morphism of £ into 
JF. The ^4-morphism l 9 G Hom^ (JF* , £*) such that, for every open set U C X 
and sections ip ^ J-"*(U), s G where V C [/ is open, 

[Ce)um(s) := M0v(s)) (5) 
is called the transpose of the ^4-morphism 6. 

It is clear from Definition [Hil t hat every A-morphism 8 G Hom^(£ , JF) admits 
a unique transpose l 6 G Hom^.F*, £*). Note also that, in general, for every 
open subset U C X, 

?0)v*\0 u ). (6) 

Indeed, ( t 8) u is the .A^-map !F*(U) — > £*(U), given by the formula (J5]) 
above, whereas t {9 u ) is the A.([/)-map (^(U))* — > (£(U))* such that if 
if) G (.F(£7))*, i.e. an >/ 4(L r )-linear map on .F(£/), and s G £{U), then 

W(V»)(a):=V(M«))- 
The inequality (EJ) means that transposes do not commute with restrictions. 

Definition 1.4 Let £ be an ^4-module and <fi an ^4-bilinear form on £. The 
^4-bilinear form <fi* on £ such that, for any open set U in X and sections 
s,t G S(U), 

<f>*(s,t) = 4>* v (s,t) = 4>u(t,s) = (f>(t,s) 



is called the adjoint of 0. 
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Clearly, <p* = <\> if and only if is symmetric; for 0* = — it is necessary 
and sufficient that be antisymmetric. An ^4-bilinear form is called self- 
adjoint (resp. skew-adjoint) if 0* = (resp. 0* = — 0). 

In classical multilinear algebra (see e.g. [SI p. 339, Definition 20.1], 
[9j pp, 144, 145]), one may associate with a given bilinear form two linear 
maps: the right insertion map and the left insertion map. The corresponding 
situation for ^4-bilinear forms is as follows. 

Definition 1.5 Let £ and T be ^.-modules, and : £ © T — > A an A- 
bilinear form. The ^4-morphism 

<f) R £ Eom A (f, £*) = Hom^, Hom A {£, A)) (7) 

such that, for any open subset U C X and sections t £ F(U) and s £ £(V), 
where V C U is open, 

#)W = (^)i7(*)(s) :=<MMk) 

is called the right insertion .4-morphism associated with the ^4-bilinear 
form 0. Similarly, for every open subset U C X and sections s £ £(U) and 
£ £ ^ r (^ / ), where V C [/ is open, 

0£(s)(t)EE(0 L ) [/ (s)(t) :=0v(s|v,t) 

defines an .4-morphism L of £ into J 7 *, i.e. 

L £ Horru(£,.F*) = Hom A {£,Hom A {F,A)). 

The .4-morphism L is called the left insertion ^4-morphism associated 
with 0. 

It is clear in the light of Definition 11.51 that if the A-bilinear form 
: £ © T — ► A is non- degenerate, then both insertion A-morphisms (f> R and 
<p L are infective. 

Definition 1.6 Let £ and £' be ^4-modules, and 0' non-degenerate A- 
bilinear forms on £ and £', respectively. Moreover, let if) be an .4-morphism 
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of £ into £'. An ^4-morphism 9 G Hom^(f such that, for every open 
subset [/CI and sections s G £(U), t G £'{U), 

<f>'(i>(s),t) = 4>'u(Ms),t) = Ms,0u(t)) = 0(s,0(*)) 

is called an adjoint of ?/>, and is denoted 

Keeping with the notations of Definition 11.61 above, we have 

Proposition 1.2 9 is unique whenever it exists. 

Proof. Let 9\ and 9 2 be .4-morphisms of £' into £ such that, given any open 
subset [/CI and sections s G £(U), t G £'(U), 

t'uiMs), t) = Ms, o ltU (t)) = Ms, o 2 ,u(t))- ( 8 ) 

Using the right insertion .A-morphism (f> R , it follows form (jSJ) that 

0g(MO)(*) = 0g(M*))OO- 
Since s is arbitrary in £(U), 

M^Mt)) = <P§(d2,u(t))- 

But R is injective, therefore 

Finally, since U is arbitrary, 9\ = 9 2 . ■ 

Let us now enquire the existence of the adjoint of an ^4-morphism ip G 
B.om^(£, £'), where £ and £' are A- modules equipped with ^4-bilinear forms 
4> and 0', respectively. 

Proposition 1.3 Let £ and £' be A-modules, equipped with non-degenerate 
A-bilinear forms <p omd <p' , respectively. If £ is free and of finite rank, then 
for every A-morphism ip G Hom^(£ , £') there exists an adjoint, denoted ip* , 
which is given by 

^ = ((j) R )- 1 o V o (j)' R , 

where t ip '■ (£')* — > £* is the transpose ofip. 
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Proof. Let U be an open subset of X, s G £{U) and t G £'{U). Using the 
right insertion ^4-morphism (f)' R , one has 

MM*),*) = K(t)(Ms)) = Mu(Kms). (9) 

Since £ has finite rank and is non-degenerate, cj) R is an ^4-isomorphism of 
£ onto so ^ o <p' R may be written 

V o <j)' R = ct) R o {{(t) R )- 1 o V o 0'*). 

It follows from (jUJ) that 

which ends the proof. ■ 

Corollary 1.3 Adjoints commute with restrictions. 

Proof. Let £ and £' be ^.-modules, and <p' non-degenerate ^.-bilinear 
forms on £ and £', respectively. Assume that ip G Hom^(£, £'). Let U be an 
open subset of X, and s, t be sections of £ and £' on [/, respectively. By 
Definition 11.61 we have 

On the other hand, since <fiu and <p'jj are non-degenerate and 

il>ueHom A(u) (£(U),£'(U)), 
then by virtue of [51 pp. 385, 386], we have 

On account of uniqueness of adjoints, we have 

mu = (ipu)*, 

as desired. ■ 
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2 Symplectic *4-modules. Witt's theorem 

In this section, for the sake of self-containedness of the paper, we first recall 
the notion of symplectic ^4-modules, and then describe how to characterize 
symplectomorphic ^4-modules. We refer the reader to [H] and [17] for useful 
details regarding symplectic A- modules and symplectic bases (of sections). 
Sheaves of symplectic groups arise in a natural way when one considers A- 
isomorphisms between symplectic ^4-modules which respect the symplectic 
structures involved. Finally, the section ends with a version of Witt's theorem 
for symplectic ^4-modules. For some other versions of the Witt's theorem, 
see pS] and [IS]. 

Definition 2.1 Let £ be a free A-module of finite rank, endowed with a 
skew- symmetric non- degenerate A-bilinear morphism uj : £ @£ — ► A. Then, 
the pair (£,uj) is called a symplectic ^.-module. 

Definition 2.2 Let (£,u) and (£', u/) be symplectic ^4-modules. An di- 
morphism ip e Hom^ (£,£') is called symplectic if 

<p*uj' := w 1 o (<£> x <f) = u, 

that is, for any sections s,t G £{U), 

(<pW)( 8 > f ) '■= u'u ° i^uis), <pu(t)) = wu(s, t). 

A symplectic dl-isomorphism is called an *4.-symplectomorphism. Sym- 
plectic dl-modules £,oj) and (£', uj') are called symplectomorphic if there is 
an *4.-symplectomorphism tp between them. 

The following result is not hard to prove (see [141 pp. 187-189, Lemma 
4] for a proof thereof), and introduces a particular case of the notion of 
symplectic group sheaf (or sheaf of symplectic groups). 

Lemma 2.1 Let £ = (£,w) be a symplectic A-module and let 

(Sp£)(U)QAut Alu (£\u), 
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where U varies over the topology of X , be the group {under composition) of 
all A\u-symplectomorphisms of £\u into £\u- Then, mappings 

U^(S P S)(U) 

together with the obvious restriction maps yield a complete presheaf of groups 
on X . If Sp £ the sheaf on X, generated by the aforesaid presheaf, one has 

(Sp 8){U) = (Sp £){U) 

up to a group isomorphism, for every open U C X. The sheaf Sp £ is called 
the symplectic group sheaf of £ (in fact, of (£, uo) ) 

For an example of an ^4-symplectic form, consider the .4-bilinear form, 
denoted ( | ), on the standard free ^4-module A 2n such that, given any open set 
U in X and sections a = (a 1; . . . , a 2n ), b= (&i, ... , b 2n ) € A 2n (U) = A(U) 2n , 
one has 



(a | b) := ^aA+n - a%+ n h- 
i=i 

The ^4-bilinear form ( | ) is called the standard ^.-symplectic scalar prod- 
uct or standard ^.-symplectic form on A 2n , and the pair (A 2n , ( | )) the 
standard symplectic ^4-module of rank 2n. When there is no confu- 
sion about the symplectic ^4-structure, the standard symplectic ^4-module 
(A 2n , ( | )) will simply be denoted by A 2n . The symplectic group sheaf 
of the standard symplectic ^4-module A 2n is denoted by Sp(2n; A) (or just 
Sp(n; A). 

An element of Sp(2n; A)(U), where U is an open subset of X, is called 
a symplectic section-matrix. 

Recall (see [H], [17]) that if a pair (£,u) is a symplectic ^4-module, 
then given any open subset U of X, £{U) may be equipped with a basis 
Si, . . . , s n ,ti, . . . ,t n with respect to which the symplectic form ujjj is repre- 
sented by the matrix 
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in other words 

uu(si, sj) = u>u(ti, tj) = 0, uu(si, tj) = 5ij for 1 < i, j < n 
A basis (si, . . . , s n , t\, . . . , t n ) is called a symplectic basis of £{U). 

If (£,u) is a symplectic ^4-module, and A and S two column (coordi- 
nate) matrices representing sections s and t, respectively, with respect to a 
symplectic basis of £(U), then 

uu(s,t) = t AJB, 

where l A denotes the transpose of A. 

Applying the classical symplectic algebra machinery (see for instance 
[3 pp. 407, 408] and pp. 410-413]) and in view of Lemma EHJ a In x 

2n section-matrix .\/ - ( J( ;| j G g£(2n,A)(U) = GL 2n {A){U) = 

\ M 2\ M 2 2 J 

GL 2n {A(U)) (where Q£(2n,A) is the general linear group sheaf generated 
by the (complete) sub-presheaf 

U GL(2n,A)(U) = GL 2n (A)(U) = GL 2n (A(U)) 

of the (full) matrix algebra sheaf M n (A), cf. [101 pp. 280-285]) is symplec- 
tic if and only if for any elements (sections) A and B of (A 2n (U), ( | )) = 
(A{Uf\ ( | )) 

(MA\ MB) = t (MA)JMB = t A t MJMB = f AJB, 

that is 

*MJM = J. (10) 

Equation ffTUl) splits into three: 

1. t M n M 21 = *M 21 Mn (i.e. t M n M 2 i is symmetric), 

2. f M 12 M 22 = l M 22 M l2 (i.e. l M 12 M 22 is symmetric), 

3. -*M 21 M 12 + *M n M 22 = J n . 
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We will now prove an analog of the Witt's theorem within the context 
of Abstract Differential Geometry. For the classical Witt's theorem, see [U 
pp. 368-387], pp. 121, 122], [2 p. 21], [21], pp. 11, 12], pp. 148- 
152], P pp. 591, 592], [StJl p. 9]. But, first we need the following definition 

(cf. US]). 

Definition 2.3 A sheaf of algebras A is called a PID-algebra sheaf if for 

every open [/CI, the algebra A(U) is a PID-algebra. In other words, given 
a free .4-module £ and a sub-^4-module T C £, one has that T is "section- 
wise free. 11 That is, T(U) is a /ree A(U)-module, for any open [/CI. 

Proposition 2.1 Let A be a PID algebra sheaf, (£,co) a symplectic free A- 
module of rank 2n, T a Lagrangian (free) sub-A-module of £ and Q any 
sub-A-module of £ such that T and Q are supplementary. Then, using Q we 
can construct a Lagrangian sub-A-module H of £ such that £ = T © TC. 

Proof. The restriction u' of uo to T © Q C £ © £ is also non-degenerate. 
In fact, let and Q^, denote the kernels of T and Q respectively. More 
precisely, for every open U C X, 

F£j(U) = {re Q{U)\ oj'(F(V),r\ v ) = for any open V C U} 

and similarly 

g^{U) = {re F{U)\ uj\r\ v ,Q{V)) = for any open V C [/}. 

Analogously we denote by J 7 ^ and the kernels of J 7 and Q respectively 
with respect to the ^4-bilinear morphism u : £ ©£ — > A, i.e. for every open 
[/CI, 

F£(U) = {re £{U)\ u(F{y),r\v) = for any open V CU} 

and 

g±(U) = {re £{U)\ uj(g(V),r\ v ) = for any open V C [/}. 

It is obvious that .Fjj" = JFj and Q£ = Q^. By hypothesis, we are given that 
jr = jr± m Clearly, for every open U C X, ^(C/) C ^(ZT) and 0^,(17) C 
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G^{U). But since T^(U) = F{U) and F{U) n Q{U) = 0, F^,(U) = 0. 
Thus, = 0. On the other hand, let r G G^{U) C ,F(£/) n ^(C/). As 
£([/) = © we deduce that r G rad £{U) = 0, therefore r = 0. 

Hence, C?3 = 0. Since to' : T © Q — ► A is non-degenerate, the ^4-morphism 
uj 1 : T — > £/* such that for every open U C. X, and sections r G ^"(C/) and 
s G G(U), uj'(r)(s) := o/(r, s) is bijective. 

Let us construct the sought Lagrangian complement Ti of T in £. For 
every open U C X, we let 

ft(tf) :={r + ^(r)|ree(^)}, 

where : — ► JF is some ^4-morphism. It is clear that Ti is a sub-^4-module 
of £. For 7i to be Lagrangian, it takes the following: For every open U C X 
and sections r, s G 

c<j(r + 0(r), s + 0(s)) = 

i.e. 

u(r, s) = J'(0(s))(r) - J'(0(r))(s). (11) 
Let 0' := a/ o : Q — > Q* , so that (ITTj) becomes 

oj{ r ,s) = 0'(s)(r) -4>\r){s). (12) 

Clearly, by taking <f>'(r) = —hu(r, — ) for every r G G(U), (IT21 is satisfied. 
By setting := (u/) -1 o 0', we contend that the claim holds. In fact, fix 
an open subset U of X, and suppose that (r 1; . . . ,r n ) is a basis of G(U). If 
ai, . . . , a n G *A(?7) such that 

ai(n + 0(ri)) + . . . + a n (r n + 0(r n )) = 0, 

one has that 

a l r 1 + . . . + a n r n = -<p(a 1 r 1 + . . . + a n r n ) . 
v * ' w ' 

e6(C/) e ^ ( ;7) 

Since .F(£7) n £([/) = 0, it follows that 

0(airi + . . . + a n r n ) = 0. 
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As the chosen 0' is injective and u' is an A-isomorphism, <fr is injective; thence 

a 1 r 1 + . . . + a n r n = 0; 

so that ai = • • • = a n = 0. Now, let us show that J-{U) fl 7~t{U) = 0. For this 
purpose, suppose that r G J-'iJJ) fl 7i{U). Then for some s G 

r = s + 0(s). 

It follows that 

r — 0(s) = ^_s^ 

from which we deduce that s = 0, and hence r = 0. That £{U) = J-{U) © 
7~C(U) is now clear. Since U is arbitrary, £ = T © 7i as desired. ■ 



Theorem 2.1 ( Witt's Theorem) Let A be a PID algebra sheaf, let £ be a 
free A-module of rank 2n, equipped with two symplectic A-morphisms u and 
u)\, and finally let J 7 be a sub-A-module of £, Lagrangian with respect to both 
ujq anduji. Then, there exists an A-symplectomorphism <p : (£,ujq) — > (£,ui) 
such that 4>\jr = Idjr. 



Proof. Let Q be any complement of T in £. By Proposition 12.11 given sym- 
plectic .A-morphisms ujq and iO\, there exist Lagrangian complements Go and 
Gi of T respectively. Again by the proof of Proposition 12.11 the restrictions 
uj' , u[ of Uo, lui to Go © T and Gi © T respectively are nondegenerate and 
yield ^.-isomorphisms u' : Go — > T* and u[ : Gi — > T* respectively. Since 
Go and Gi are free and of the same finite rank, there exists an ^.-isomorphism 
ip '■ Go — > Gi such that u[ o ij; = uj' , i.e. for any sections r G Go{U) and 
s G F{U) 

Let us extend ip to the rest of £ by setting it to be the identity on T: 

:= Id^ © ip : T © Go — ► T © Gi 

and we have for any sections r, r' G Go(U) and s, s' G J~{U) 

lui(({)(s + r),(f)(s' + r')) = io x (s + if)(r), s' + 4>(r')) 

= u x {s,i;{r')) +u 1 {ijj{r),s') 

= uj (s,r') +u (r,s') 

= lu (s + r, s' + r'). 
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3 Orthogonally convenient pairings 

We introduced here a new subclass of A.-modules: the orthogonally conve- 
nient pairings of A-modules, with the aim of achieving the characterization of 
singular symplectic ^.-automorphisms of symplectic orthogonally convenient 
.A-modules of finite rank. 

We now make the following two definitions. 

Definition 3.1 A pairing [JF, £\ A] of free A.-modules T and £ into the C- 
algebra sheaf A is called an orthogonally convenient pairing if given free 
sub- A- modules JF and £q of T and £, respectively, their orthogonal T§ and 
Sq are free sub- A-modules of £ and J 7 , respectively. 

Definition 3.2 The pairing [£*,£; A] = [(£*,£; 4>); A], where 8 is a free 
A-module and such that for every open [/CI, 

<pu(il>,r) := ipu{r) 

with vp G £*(U) := Hom_4| [7 (£| { /, A\u) and r G £(U), is called the canonical 
pairing of £* and £. 

Theorem 3.1 Let £ be a free A-module of finite rank. The canonical pairing 
[{£*, £', 0); A] is orthogonally convenient. 

Proof. First, we notice by Theorem 11.31 that both kernels, i.e. (£*) ± and 
£ L , are 0. Let £ be a free sub- A-module of £ , and consider the map (TSJ) 
of Theorem 11.41 £q — > (£/£ )*. It is an A.-isomorphism into, and we shall 
show that it is onto. Fix an open set U in X, and let ip G (£/£q)*(U) := 
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Hornby ((8 /£q)\u, A\u) ■ Let us consider a family ip = (ipy)uDV, open such 
that 

Mr):=ij v (r + S (V)), r G S(V). (13) 

It is easy to see that ip v is ^4(V A )-linear for any open V C U. Now, let 
{p^}, p^r and {r^r} be the restriction maps for the (complete) presheaves of 
sections of £, S/£ and A, respectively The restriction maps p^ are defined 
by setting 

tw{r + S (V)) := pUr) + £o(W), r G £{V) . 
It clearly follows that 

bwotf v )(r) = r^(Mr + £o(V))) 

= (^w°Pw)(r), 

from which we deduce that 

Tw°'4 } v = ^W°P\Vi 

which implies that 

^eRom Alu (£\u,A\u) =:£*(U). 
Suppose r G £0(^)5 where V is open in U. Then 

Vv(r) = Mr + SoOO) = M£o(Y)) = 0, 

therefore 

<fr@\ v ,£o(v))= : $ v (£ Q (y)) = o, 

i.e. tp G £q(U). We contend that ip has the given ijj as image under the map 
(j2|), and this will show the ontoness of (J2J) and that Sq is a free sub-^4-module 
of £*. 

Let us find the image of ip- Consider the pairing [(£q, £/£o', ®)]A] such 
that for any open V C X, we have 

@y (a, r + 5 (V)) := <M«, r) = ay(r), 
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where a G £q(V) C £*(V), r G £(V). Clearly, the left kernel of this new 
pairing is 0. For a = ip G £q(U) C £*(U), we have 

e^,r + £b(?7))=^(r) 

where r G £(U), and the map 

9t, : — > {£/£ )*{U) 

given by 

and such that for any r G £{V) 

(®u$)v(r + S (V)) := Qv@\v, r + £q(V)) = Mr) = ^(r + £ (V)) 

is the image. Thus the image of ip is ip, hence the map £q(U) — > (£/£o)*(U), 
derived from (121) , is onto, and therefore an ^4.([/)-isomorphism. Since £/£o is 
free by Corollary II. 1[ so are (£/£q)* and £q free. 

Now, let T Q be a free sub-Amodule of £* = £ (cf. Mallios [TDl P-298, 
(5.2)]); on considering J^q as a free sub-.4-module of £ , according to all that 
precedes above Tq is free in £* = £, and so the proof is finished. ■ 

We now make the following important observation concerning symplec- 
tic A- modules of finite rank. 



Lemma 3.1 Let (£,cu) be a symplectic A-module of finite rank, and f = 
(fu)xDU, open « n A-endomorphism of £. Then, if f satisfies two of the three 
following conditions, it satisfies all of them three: 

(1) I + / is an A- automorphism of £; 

(2) / is io -skew symmetric, i.e., for any open U C X and sections s,t G 
£(U), 

uJu(fu(s),t) + uu(s, fu{t)) = 0; 

(3) Im f = f(£) is totally isotropic, i.e., for any open [/CI and sections 
s,t of f(£) on U, 

Uu(s,t) = 0. 
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Proof. Using the equality 

M* + fu(s),t + fu(t)) - M^ t) = M(fu + fu)(s),t) + Mfu(s), fu(t)), 

where U is any open subset of X, s and t sections of £ over U, one easily 
checks the implications: (1), (2) (3); (1), (3) (2); and (2), (3) (1). 
■ 

Now, we are going to introduce a new class of ^4-modules we will be 
concerned with in the sequel. 

Definition 3.3 An *4-module £ is called a locally free ^.-module of vary- 
ing finite rank if there exist an open covering U = (U a ) ae i of X and num- 
bers n(a) G N for every open set U a such that 

The open covering U is called a local frame. 

Example 3.1 Consider a free ^4-module £, where A is a PID-algebra sheaf. 
Then, every sub-^4-module of £ is a locally free ^4-module of varying finite 
rank. 



We come now to the following useful result, satisfied by free ^.-modules 
of finite rank (cf. jTOj p. 298, (5.2)]) and vector sheaves of finite rank (cf. 
PH p. 138, (6.26)]). That is, one has: 



Lemma 3.2 Let £ be a locally free A- 
the dual A-module £* := T-Com^(£, A) 
finite rank, and one has 

£* = 



module of varying finite rank. Then, 
is a locally free A-module of varying 

£ 



within an A-isomorphism. 
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Proof. Let U = (U a ) a€ i be a local frame of £. Applying [TQl P- 137, (6.22) 
and (6.23)], one has, for every a & I, 

Hom A (£,A)\ Ua = 

within A\u a -isomorphisms. ■ 

Our objective now is to obtain a useful characterization of a symplectic 
,4-automorphism of the form / + / of a symplectic orthogonally convenient 
^4-module £ , where / is a skewsymmetric ^4-endomorphism of £. For this 
purpose, we require a generalization of the following result, see [13J. 

Theorem 3.2 Let (£, 0) be a free A-module of finite rank. Then, every 
non-isotropic free sub- A-module T of ' £ is a direct summand of £; viz. 

£ = F±_ T L . 

We generalize Theorem 13.21 as follows: 

Theorem 3.3 Let (£,(/)) be a free A-module of finite rank, with A a PID- 
algebra sheaf. Then, every non-isotropic sub-A-module J 7 of £ is a direct 
summand of £; viz. 

£ = TLT L 

within an A-isomorphism. 

Proof. First, we notice that T is a locally free sub-^4-module of varying finite 
rank. Then, let us consider for any open subset U C X a section t 6 £(U) 
and a section ip e JF*([/) := Jiomj^T , A)(U) = Hom^^lu, A\u), defined 
as follows: given s G .F(V), where V is open in U, 



ft<™\u a ( S \u«,<A\uJ 
Hom AlUa (A n ^\ Ua ,A\ Ua ) 

Hom A {A n ^\A)\ Ua 



tp v (s) := 4> v (t\ v ,s). 
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T being non-isotropic, we have that the restriction (f)\jr of <p on T is non- 
degenerate, consequently, since JF* = T (cf. Lemma 1372]) . ip may be identified 
with a unique element (section) pu(t) = pit) G ^"(t/) — F*{U) in such a way 
that 

<J) V (t\v, s) = (<j)\^)v(p(t)\v, s) = (j) V (p(t)\ v , s) 

for all s G FiV). it is easily seen that p(ar + t) = ap(r) +p(t), for r, t G £(t/) 
and a G *4.(t/), that is p : £{U) — > £(U) is A(U)-\me&r. Next, since p 2 = p, 
then p : £(U) — ► ^(U) is an *4.(£/)-projection. Furthermore, since 

M(t-p{t))\v,s)=Mt\v-p{t)\v,s) = 

for all t G and s G ^(V), with V open in £7, the supplementary A(U)- 
projection q := I — p is such that for all t G £{U), q(t) = (I — p)(t) G JF- L ([7), 
i.e. q maps £(t/) on jF J -(f/). Hence, every element t G £{U), where C/ runs 
over the open subsets of X, may be written as 

t = p(t) + (t-p(t)) 

with p(t) G .F(£7) and t - p(t) G T^{U). Thus 

£([/) = ;F([/) © JF^C/) = (.F © ^(c/) 

within ^4(f/)-isomorphisms (for the ^4(f/)-isomorphism T{U) © JF- L (f7) = 
(J 7 © JF- L )(f7), cf. Mallios[HD], relation (3.14), p. 122]). Finally, since T is 
non-isotropic, it follows that 

£{U) = (F±F ± )(U) 

for every open U C X. Thus, we reach the sought ^4-isomorphism £ = 



In keeping with the notations of Theorem 13.31 we clearly have that: 
jr±± ^ jr Moreover, if is non-degenerate, then J r± (U) = ^(U)- 1 , for every 
open U CX. Indeed, since F L {U) C J r (f/) ± , then if n F{U) L ^ 0, rad 
£(£/) 7^ 0, which contradicts the hypothesis that £ is non-isotropic. 

Theorem 3.4 Lei (£,co>) fre a symplectic orthogonally convenient A-module 
of rank 2n, and f a A-endomorphism of £. If f is skew symmetric and I + / 
an A- automorphism of £, then 
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(1) P = 0; 

(2) terf~(Imf) ± ; 

(3) For every open subset [/CI, there exists a symplectic basis of S(U), 
whose first k elements (sections), k < n, form a basis of (Im f){U) := 
Im fu = /[/(£({/)), with respect to which the A{U)-morphism 

(I + f) n := I v + f v 

is represented by the matrix 



with l H = H. 

Proof. (1) From Lemma 13.11 Im/ is totally isotropic. Therefore, for any 
open subset U of X and sections s,t 6 £(U), 

Mfu(s)Ju(t)) = 0. 

Since 

M(f*)vfu(s),t) = uiu(UuYfu(s),t) 
= Mfu^Juit)) 
= 

and us is symplectic, it follows that 

(f*)ufu = (fu)fu = 0. 

Thus, 

n = 0; 

since /* = — /, one reaches the desired property that f 2 = 0. 

(2) Fix an open set U in X and s £ (ker f)(U) = ker fu, see [221 P- 37, 
Definition 3.1]. Moreover, let t £ S(U); then 

uu(s,fu(t)) = -u>u(fu(s),t) =0. 
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Thus, 
and hence 

(ker f)(U) = ker f v C (Im/)(f/) ± = (Im/) ± ([/) 



or 



ker / Cpm/) 1 ee f(£)\ 



Conversely, let t G (Im/) ± (f/) = (Im/)(f/) ± . Then, for any s G (Im/)(C/) 
Im/c; := fu(S(U)) = f(S)(U), one has 

wu(t, s) = 0. 

But s = fu{f) for some r G £{U), therefore 

MtJu(r)) = -MMt),r) = 0. (14) 
Since ( fl4|) is true for any r G £(U), 

fu(t) = 0, 

i.e. 

te (ker f){U) := ker fa. 

Hence, 

(Im/) ± (C/)C (ker /)(£/) 

or 

(Im/)^ C ker/. 

(3) As Im/ C ker / = (Im/) -1 , so the sub-^4.-module Im/ is totally 
isotropic. Therefore, for any open U C. X, 

rank(Im/)(C/) := rank Im/fy < n. 

Now, let us fix an open set U in X and consider a basis (si, . . . , s&), < n, 
of (Im/)({7) = Im/^. By [131 Lemma 7], there exists a totally isotropic sub- 
A(U)-modu\e S of £(U), equipped with a basis, which we denote 



(■Sfc+l, . . . , Sn+fc) 
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such that 

Uu(si, s n+j ) = 5ij, for i,j = l,...,k. 

Clearly, 

Sf] (Im/) ± (f/) = SO (ker /)([/) = 0. (15) 

As a result of (fT5|) , the sum S + Imfu is direct and S © Imfu is non- 
isotropic; therefore, by Theorem 13.21 one has 

£(U) = (S®lmfu)±F 

for some sub-^4(L r )-module F of £{U), (cf. [131 Theorem 1]). Since F = 
(S © Irn/V^, F is contained in (Im/j/) 1 - = (Im/) ± (f/) = (ker /)([/) and 

F L = (lmf)(U) :=Jmf v ; 

i.e. F is an orthogonal supplementary of (Im f)(U) in (ker f)(U). Since F is 
free, non-isotropic and of rank 2n — 2k, it can be equipped with a symplectic 
basis, say (s k+1 , ...,s n , s n+k+1 , s 2n ), see [T7]. As si, . . . , s n e (ker /)(C/), 
it follows that 

(Iu + fu)(sj) = Sj, j = l,...,n. 

Therefore, if H is the matrix representing fjj, Ijj + /[/ is represented by the 
matrix 

(In H\ 
V In J ' 

and this is a sympletic matrix if and only if t H = H, ie. H is symmetric. ■ 
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